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Considering a supercoiled DNA molecule, having equal numbers of two distinct types of base-pairs, it has been shown theoretically 
that even for the extreme cases of mixing of the two types of base-pairs in a supercoiled DNA, the melting temperatures as well as the 
melting curves do not differ significantly. This indicates that these properties are practically independent of the detailed base 
sequence when the molecule is a covalently closed one and may be replaced by an equivalent homopolynucleotide whose binding 
energy is equal to the average base-pairing energy of the original DNA. This conclusion has been further supported by comparing the 
theoretical results with those obtained experimentally in the cases of polyoma DNA and +X174 DNA. Finally, the effects of 
supercoiling on the cooperativity of melting and a few aspects of the differential melting characteristics of a supercoiled DNA have 
been discussed which provide a clear physical understanding of the process. 

1. Introduction 

It is now well established that the melting tran- 
sition of a supercoiled DNA differs significantly 
from that of its linear form. For example, a super- 
coiled DNA melts at a much higher temperature 
and over a wider temperature range than its linear 
counterpart. Recently, we have developed a statis- 
tical-mechanical theory for the melting transition 
in supercoiled homopolynucleotides [l]. The the- 
ory yields results in good agreement with the 
experimental data available for +X174 DNA melt- 
ing in TEA (tetraethylammonium bromide) solu- 
tion where a DNA behaves like a homopolymer. 
However, naturally occurring DNA molecules are 
not homopolymers and contain definite sequences 
of A-T and G-C base-pairs. The purpose of the 
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present paper is to study theoretically the effects 
of base sequences on the melting characteristics. 
Experiments show that although DNA in its linear 
form exhibits strong sequence dependence of its 
melting property, the melting curve of the same 
DNA in its closed form is practically insensitive to 
its base sequence [2,3]. Our intention is to eluci- 
date the underlying physical basis of this funda- 
mental difference. 

In the present treatement we have used practi- 
cally the same approach based on the Ising model 
of a one-dimensional system that we used in the 
case of homopolynucleotides [l]. To discuss the 
effect of base sequence on the melting profile, we 
have considered a closed polynucleotide which 
contains equal numbers of two different types of 
base-pairs. These base-pairs can be distributed in 
a closed chain in a large number of ways. We have 
considered only the following two extreme cases 
of mixing: (i) every alternate position is occupied 
by the same type of base-pair so that mixing 
between the two types of base-pair is maximized; 
(ii) the successive base-pairs of one half of the 
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molecule are of one type and the others are of the 
other type so that mixing is minimized. In each 
case, the melting profile has been computed by 
minimizing the total free energy of the molecule 
and the melting profiles for the two cases have 
been compared with each other. From the ob- 
servation that the melting profiles even for these 
extreme cases of mixing differ only insignificantly 
from each other, we conclude that the melting 
transition of any real DNA molecule may be 
replaced by that of an equivalent homopolymer 
having the binding energy Z which is equal to the 
average binding energy of the base-pairs of the 
original DNA. Applying this idea to the cases of 
melting of polyoma DNA and 1#~X174 ‘DNA in 
strongly chaotropic NaClO, solution, satisfactory 
agreement with the existing experimental data has 
been obtained. The differential melting character- 
istics (DMC), i.e., df?/dT vs T plots, of the model 
DNA have also been studied in this paper. In the 
experimental studies of linear DNA, occasional 
sharp peaks are found in their DMC which are 
characteristic of the base sequences of the mole- 
cule and are generally known as the fine structure 
of the DMC. It is also an experimental fact that 
for the same DNA in ccc form, the fine structure 
is lost [2,3]. In the present paper, a clear physical 
reason behind this appearance of the fine struc- 
ture in its DMC has been presented. It should be 
mentioned here that some theoretical investiga- 
tions of this problem were undertaken earlier [4]. 
However, that approach suffers from the draw- 
back that one cannot successfully incorporate into 
this theory the supercoiling energy which is pre- 
sent not only when the molecule has a non-zero 
initial supercoil density but also when a relaxed 
DNA melts. This has prompted us to investigate 
the problem from the standpoint of a more rigor- 
ous theory which properly accounts for the super- 
coiling energy. 

2. Theory 

2.1. Supercoiling energy 

The linking difference ALk of a supercoiled 
DNA is distributed into twisting (Tw) and writh- 

ing (Wr) deformations of the double helix accord- 
ing to the relation ALk = ATw + Wr, where writh- 
ing gives a measure of the bending of the central 
axis of the double helix [5,6]. On the basis of the 
elastic model of a supercoiled DNA [7-lo], the 
twisting potential of each base-pair can be written 
as 

vi = ~CiTi2 (1) 
where ci represents the twisting force constant of 
the i-th base pair of the chain and ri represents 
the twisting deformation of the i-th base-pair over 
its relaxed state value due to supercoiling. Obvi- 

ously 

N 

&=227~ATw (2) 

where ATw is the total twisting deformation and 
N represents the degree of polymerization of the 
DNA. The total twisting energy is then given by 

VT = xvi = c &c,r,2 
1 i 

Let us assume that c, is independent of base-pair 
type [ll] but is different for different secondary 
structures of the local region, i.e., c, = cs for a 
base-pair in the helix region of the DNA and 
ci = c, for a base-pair in the coiled (melted) re- 
gion. Let TV and TV represent the rates of twisting 
deformations in the respective regions. Then for a 
DNA with n melted base-pairs we have 

(N-n),r,+nr~=2~ATw (4) 

VT= +( N - n) c& + fnc,~,~ (5) 

Since a rigorous estimation of the writhing part is 
quite difficult, we have approximated it by assum- 
ing an interwound structure of supercoiled DNA 
to obtain a usable form in a manner similar to 
that of twisting. As a working hypothesis, the 
radius of curvature at each point of the bent 
molecule has been approximated by the radius of 
a circle whose circumference is equal to the con- 
tour length of each writhing turn [12,13]. Thus, 

(N - n)p, + no, = 2lrWr (6) 

where p,, and p, represent the average curvature 
rates per base-pair in the helix and coiled parts of 
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the DNA, respectively. Wr represents the number 
of writhing turns in the DNA molecule. The writh- 
ing energy arising from bending deformation is 
assumed to be expressed as 

va = C&p; (7) 

where b, is the bending force constant of the i-th 
base-pair and pi is the curvature at that base-pair. 
If b, and b, represent the bending constants of 
the helical and coiled regions, respectively, the 
writhing energy can be simplified as 

ua= 2 '(N--n)bhp;+;nb,p,2 (8) 

The conservation of linking number Lk in a ccc 
DNA demands 

N-n 
+ A (9) 

which, after simplification, gives 

(N-n)(rt,+p,)+n(r,+&)=28(ALk+:) 

(10) 

where A represents the number of base-pairs per 
helical turn of the B-form of DNA and is equal to 
10.4 and (N - n)/A thus represents the intrinsic 
linking number of the helical part of the DNA. 
ALk is the initial linking difference. From eqs 5 
and 8, the total elastic energy of supercoiling is 
simply obtained as 

G, = us + ur 

Or, 

(11) 

G,(T~~~,,P~~P~)=Q(N-~)[c~~~~+~~P~~I 

++n[cyr,2 +b,pz] 02) 

Let us minimize it with respect to the variables TV, 
T=, p,, and pC for given values of N, n and ALk, 
under the constraint of linking number conserva- 
tion given by eq. 10. Using Lagrange’s method of 
undetermined multiplier for the extremization of 
Gs( ~,,,q,p,,,p~), we obtain the following conditions 

aGs(q,,~c,~hr~c) + h %f(~r~~tdc) 
aTh a% 

=0 (13a) 

f(q,,~~,v~c) =277 Au+ 2 ( 1 

-(N-n)(Th+ph) 

-n(7cfPc)=0 (134 

represents the contraint obtained from eq. 10, and 
h is the associated multiplier. Eqs 13a-13d finally 

give 

CITY = ccrc = b,p, = b,p, = A (14) 

Now, using eq. 14 we eliminate T_ p,, and ph 
from eq. 12 and obtain 

G,=f(b,+c,)~[N+(a-l)n]qf (15) 

%bh + abCh 
(Y= 

bb+ch 
(16) 

(Y, = ch/c, and at, = b,/b,. Again, from eqs 10 
and 14, it follows that 

rh= (iv-n)(b,+Ch)+n[(Ycbh+CX&,] (17) 

Substituting this value of 7,, in eq. 15 we finally 
obtain 

[ 

n 2 
ALk+X 1 

Gs=CIN+(a-l)n] (18) 

h2bhCh 

'= (bh+ch) 
(19) 

Thus, G, is effectively a function of the two 
parameters C and a only. One should note that 
the functional form of the supercoiling energy 
expression does not depend on the exact partition- 
ing of the effective Linking difference into twisting 
ATw and writhing Wr because twisting and writh- 
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ing are related to the total linking number Lk 
through a linear relationship. It will only change 
the values of C and (Y which in no way affects the 
qualitative features. 

Let us assume that the model closed circular 
DNA is N (an even number) base-pairs long of 
which N/2 is of type 1 and the rest is of type 2 
base-pairs. We assume that the base-pair type is 
represented by the binding energy c, of the i-th 
base-pair. ci can take either of the two values, E, 
and E,. Then for the following two distributions 

(i) c,=El fori=l,3,5 ,... 2N-1. 

=E, for i-2,4, 6 ,... 2N. 

(ii)e,=Eifori=1,2,3 ,... g. 

the next term, z0 is the nucleation energy of 
melting and is equal to the base-pair stacking 
energy. This energy arises due to the fact that, to 
initiate melting in an intact helical portion of the 
DNA molecule, an extra stacking energy is re- 
quired to be broken. Finally, the last term repre- 
sents the configurational free energy which ap- 
pears due to the possibility of distributing the n 
melted base-pairs in n r melted regions and (N - n) 
bonded base-pairs in n, helix regions in a large 
number of ways g(N,n,n,) with at least one base- 
pair per region. In our earlier paper [I], this de- 
generacy factor has been determined and is given 

by 

N(N-n-l)!(n-l)! 
g(N’n’nr)z (N-n-n,)!(n,- l)!(n -n,)!n,! 

=E, for i=G+l,...N (22) 

we calculate the melting characteristics as follows. 

2.2. Free energy of melting 

2.2.1. Case (i) 
In this case the molecule is effectively a homo- 

polynucleotide of average binding energy i given 

by 

For simplicity we will neglect 1 in the above 
equation and use Stirling’s approximation in ap- 
propriate places. The equilibrium characteristics 
of the transition may now be obtained by mini- 
mizing the total free energy F as given by eq. 21 
with respect to n and nr. This leads to the condi- 
tions 

(23) 
E = ;( E, + E,) (20) 

When the molecule is partially melted, suppose 
there are n melted base-pairs in n, melted regions 
creating nj helix-coil junctions. Clearly, in a ccc 
DNA, n, junctions divide the molecule into 
(1/2)nj (= n,) helical and an equal number of 
melted regions. It may be noted that for a cova- 
lently closed circular DNA, nj is always even. The 
total free energy of the partially melted molecule 
is then simply given by 

N0(1-6)([-1)-[[(l-B)-@In,=0 

and 

N[l- {l-4r18(1-B)}“‘] -2vn,=O 

where 

(24 

.$ = exp[(F - TAS + y)/kT] 

TJ = 1 - exp(q,/kT) 

y’z 

and 

(25) 
(24) 

(27) 

F=G,(n,ALk)+n(?-TAS) +n~~ 

- kT In g(N,n,n,) (21) 

where G,( n, A Lk) represents the supercoiling en- 
ergy part and is given by eq. 18. (7 - T A S) repre- 
sents the free energy of a broken base-pair where 
AS is the change in entropy per base-pair due to 
melting so that the second term represents the 
total melting energy of the n melted base-pairs. In 

(28) 

Here, 0 represents the melted fraction of base- 
pairs in the molecule. Eliminating nr from eqs 23 
and 24, we finally obtain 

298(1- L9)(6 - 1) - [ 5(1- e) - e] 

x [l - (1 - 47$(1- fl)}“‘] =o (29) 
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which can be solved iteratively to obtain the melt- 
ing curve (19 vs T) in this case. 

The melting temperature is obtained by solving 
eq. 29 with fi = l/2 which defines the melting 
point T,. Thus, 

T,= T;+AT, (30) 

where TA = Z/AS represents the melting tempera- 
ture of the DNA molecule in its linear form and 

= C(2a + l)[(a - l)(l - 20) + 41 

A*(a + 1)2 AS 

(31) 

represents the change in melting temperature due 
to supercoiling. Here, u = A ALk/N is the initial 
supercoil density of the ccc DNA. 

2.2.2. Case (ii) 
In this case as already mentioned, the base-pairs 

of the hypothetical molecule are redistributed 
along the chain such that half of it contains 
successive base-pairs of type 1 only, while the 
remaining half contains the base-pairs of type 2. 
Let, at a particular temperature T, n, base-pairs 
in segment 1 (containing type 1 base-pairs only) 
melt and create nrl melted regions there. Simi- 
larly, n2 base-pairs are melted in segmeni 2 (con- 
taining type 2 base-pairs only) creating nr2 melted 
regions. Then the total free energy of the partially 
melted molecule is given by 

F= (n,, + nr2)c0 + n,(E, - TAS) 

- kT In d~l,~2,~,l,~,2tW (32) 

In the above equation, the first term represents the 
total nucleation energy of the molecule and the 
next two terms give the total increase in free 
energy due to melting of n, type 1 base-pairs in 
segment 1 and n2 type 2 base-pairs in segment 2, 
respectively. G, represents the overall supercoiling 
energy in the whole molecule and is clearly given 
by eq. 18 with n = n, + n2. It should be noted that 
through G, the melting processes of the two seg- 

ments of the molecule become coupled together. 
The last term corresponds to the configurational 
free energy. Here, g(nl,nz,nrl,nr2) represents the 
degeneracy factor. The exact analytical evaluation 
of the degeneracy factor in this case is quite 
difficult. Therefore, we have estimated it by the 
following approximation. Since in a large mole- 
cule the states of the two junctions between the 
two segments should not influence the bulk be- 
haviour of melting, we can consider the distribu- 
tions of the helical and the melted regions over the 
entire chain as the product of two independent 
distributions g,(n,,n,i,N’) and g2(n2,nr2,N’) 

2(n, - l)!( N’ - n, - l)! 
= (n,-n,l)!(N’-nl-n,l)!(n,,-l)!(n,*-l)! (344 

represents the number of ways of distributions of 
the PZ, melted base-pairs in the n,, melted regions 
in segment 1 with at least one base-pair per region 
[1,14,15]. Here, N’ = N/2. Similarly, 

&(%>%7N’) 
2(n,-l)!(N’-n,-l)! 

= (n2-nr*)!(N’-nr2-n2)!(nr2-l)!(nr2-l)! 

(34b) 

represents the number of ways of distribution of 
n2 base-pairs in nr2 melted regions in segment 2 
with at least one base-pair per region. Assuming 
n,,n,,n,,,n,, >> 1, we may neglect the Is in eqs 
34a and 34b. Now, if we minimize the total free 
energy F given by eq. 32 with respect to 

n1,n2,n,1,fl,2, we finally obtain 

tie, (1 - Q(6, - 1) 

-2[(1-8,)5,-e,]n,,=0, i=l,2 (35) 

N[l - (l-448,(1 -0,)}‘/‘] -4vn,,=O, 

i=1,2 (36) 

where 

5; = exp[ (E; - TAS + y,)/kT] , 

i=l,2 (37) 

3% 
Yi = q (38) 
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and 1.07 

15, = 2n;/N (3% 

and n is given by eq. 26. Eliminating n rl and nr2 
from the above equations, we finally obtain 

0.8- 

21@,(1 - &>(G - 1) - [&<l - 6,) -&I 

[l- {l -4TJt?,(l- 81))1’2] = 0 (40) 

%%(I - &)(5,- 1) - [22(1- 4) - 41 

0.6 - 
<D 

[l- {1-4&(1 -ez)}1’2] =o (41) 

It may be noted that these two equations are 
coupled through & and t2 which are functions of 
(e, + 19,). These two simultaneous equations can 
be solved numerically by the Newton-Raphson 
method for 8, and 8, and the overall melting 
curve (t9 vs T) can be obtained where 

40 

e=;(e,+e,) (42) 

represents the overall melted fraction of base-pairs. 

Fig. 1. Melting curves for the hypothetical supercoiled DNA 

(see text) when the molecule corresponds to case (i) (dashed 
line) and case (ii) (solid line). The binding energies of the two 
types of base-pairs are such that T,, - T,, = 20 o C, and Q = 
-0.05. Clearly, the melting curves in the two situations are 
nearly identical, indicating that the detailed base sequence has 

little effect on melting in the case of a supercoiled DNA. 

3. Results and discussions 

In the numerical calculations we have used the 
standard values of the parameters as AS = 12 e.u. 
[16] and co = 2.5 kcal/mol [17,18] for all the cases 
under consideration. Since the values of the elastic 
parameters (b,,, c,,, b, and cc) are not accurately 
known, we have chosen the values of the effective 
parameters C and a as 9.4 x lo-” erg and 23.4, 
respectively, to fit the melting curve of polyoma 
DNA in 7.2 M NaClO, solution. For the closed 
double-stranded hypothetical molecule under con- 
sideration, we have taken E, = 7.7 kcaI/mol and 
E, = 8.2 kcal/mol as model parameters for the 
first set, giving a value for (T,, - T,,) = 20 0 C 
comparable to the melting range of supercoiled 
DNA. With these values we have solved eqs 40 
and 41 numerically by the Newton-Raphson 
method for 8, and 0, according to case (ii). The 
overall melting curve is then plotted as the solid 
line in fig. 1. Again considering the molecule as a 
homopolymer of average base-pairing energy r 
given by eq. 20 for the base sequence according to 
case (i), eq. 29 has been solved and the resulting 

0.6- 

w - 

I I I I I I I 
40 60 60 100 1 

Temperature(‘C) 

Fig. 2. Same as fig. 1 except that the binding energy difference 
between the two types of base-pairs has been decreased (T,, - 
T,, = 10 o C). Obviously the agreement between the two curves 

in this case is better. 

60 80 100 

Temperature (‘C 1 

0 
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melting curve is shown by the broken line in fig. 1. 
It is important to note that the melting tempera- 
ture as well as the melting curve in these two 
extreme cases are nearly identical although the 
base sequence in case (ii) has the minimum like- 
ness to a homopolymer. The other set of such 
plots (fig. 2) represent the case where (T,., - T,,) 
= 10 o C. Clearly, for lower values of (r, - T,i), 
better agreement between the two curves is ob- 
tained. The above analysis thus gives a theoretical 
reproduction of the experimentally observed fea- 
ture that in a ccc DNA melting base sequence is 
rather unimportant. We further conclude that in 
such cases the molecule may be considered as an 
equivalent homopolymer of base-pairing energy E 
which is the average base-pairing energy of the 
original molecule and clearly depends on its base 
content. This conclusion is also supported by our 
results for polyoma DNA (fig. 3) and for +X174 
DNA (fig. 4) in NaClO, solution by treating these 
molecules as effective homopolymers. The average 
binding energy Z is obtained from the relation 
Z - T, AS = 0. Using Ti = 48°C for polyoma 
DNA [19] and TA = 47’ C for +X174 DNA [2] in 
NaClO, solution, we obtain r = 7.70 and 7.68 

50 60 70 80 90 

Temperature(‘C1 

Fig. 3. Comparison of the theoretical melting curve (solid line) 
for supercoiled polyoma DNA (u = -0.032), with the corm- 
sponding experimental data in 7.2 M NaClO, solution (dashed 

line). 

0.8 - 

0.6- 

a 

0.4- 

0.2- 

/’ , I I I 
40 50 60 70 80 5 

Temperature (‘C 1 
Fig. 4. Theoretical (solid line) and experimental (dashed line) 
melting curves for supercoiled +X174 DNA (u = -0.063) in 

7.2 M NaC104 solution. 

kcal/mol, respectively. The supercoiling density u 
is - 0.063 for 9X174 DNA and - 0.032 for poly- 
oma DNA. The agreement between the theoretical 
and experimental curves is found to be quite 
satisfactory. 

It is also observed from the experimental data 
that the change in melting temperature AT, due to 
supercoiling is hardly dependent on the base-pair 
heterogeneity of the molecule [2]. This behaviour 
is, however, expected in the light of eq. 31 which 
indicates that AT, depends on C, a and a and is 
independent of ? which is the only parameter that 
depends on the base composition of a DNA. Thus, 
for a DNA molecule with a given value of u, AT, 
depends only on 1y and C which are determined 
by the secondary structure of the molecule (eqs 16 
and 19) and likely to be independent of its primary 
structure (base sequence as well as base content). 
Therefore, it seems quite natural that AT, also 
should not be dependent on base-pair heterogene- 
ity. However, the dependence of the overall melt- 
ing temperature T, (= TA + AT,) on heterogene- 
ity comes through TA = F/AS where Z is strongly 
dependent on the base content. 

To study the effect of supercoiling on the coop- 
erativity of the transition, we have calculated 
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O-08 

i 

c 0.06 c 

0 0.2 O-4 0.6 0.6 1.0 

e 
Fig. 5. Computed curves representing dB/dT vs B (solid lines) 
for various supercoiling densities e. The dashed curve repre- 
sents the case where the supercoiling energy is artificially made 

zero. These curves clearly show that the d8/dT values de- 
crease over the entire range of melting as supercoil density 
increases, which indicates that supercoiling has an anticooper- 

ative action on melting. 

numerically the values of df?/dT, the temperature 
rate of melting and plotted the (dd/dT vs 8) 
curves for different values of initial supercoil den- 
sity u. Clearly, higher values of de/dT correspond 
to greater cooperativity. Comparison of such 
de/dT vs 19 curves for different u values gives 
information about the effects of u on the cooper- 
ativity of the transition. Fig. 5 shows such curves. 
The dashed curve corresponds to the case where 
the effectively long-range (supercoiling) interac- 
tion part is artificially maintained at zero 
throughout the transition so that it cannot con- 
tribute to the process of melting. The first solid 
curve represents the case (a = 0) where effective 
positive supercoiling is generated in the molecule 
due to melting. Comparison between these two 
curves shows that supercoiling has a strong antico- 
operative action on the melting process and as a 
result the melting curve becomes flatter. With 
increasing initial supercoil density, the auticooper- 
ative action increases as is indicated by the curves 
in fig. 5. 

Finally, the differential melting curves for the 
hypothetical molecule in case (ii) have been com- 

0.0 

0.0 

F: 
-0 0.0 

‘* .\ 

: 

- 0.0 

0.0 

I 60 80 100 1; 

Temperature (‘C 1 
Fig. 6. Computed differential melting curve of the hypothetical 
DNA (T,z - T,, = 20” C) for case (ii) (solid line c). The 

dashed curves (a, b) represent the individual DMCs of segment 

1 and 2. It is evident that DMCs (a, b) are sufficiently broad 

and overlap considerably. 

Temperature(k) 

Fig. 7. Same aa fig. 6 except that the binding energy difference 
between the two types of base-pairs is reduced (T, - T,, = 

loo C). Large overlapping (compared to fig. 6) of the DMCs of 
the segments is found. 
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puted numerically and are shown in figs 6 and 7. 
It is observed that the individual DMCs for til 
and 0, are very flat as is expected according to the 
above discussions and overlap considerably even 
for high values of (Tm2 - T’,,). This observation 
provides a basis for the qualitative understanding 
of the nature of the DMC of a supercoiled DNA. 
It is known that depending on the local base 
content, a DNA molecule may be considered as a 
succession of several zones of distinct average 
binding energies [20,21]. Some of these zones may 
have the same average binding energy and thus 
form degenerate zones. Hence, for the different 
average binding energies, there may be sets of 
degenerate zones. Each set of such zones corre- 
sponding to each energy melts about the respec- 
tive melting temperature giving a peak in its DMC. 
In the case of a linear DNA the high degree of 
cooperativity (melting is completed over a few 
degrees only) prevents these peaks from overlap- 
ping and thus appear distinctly in the correspond- 
ing DMC. However, in the case of a closed DNA, 
since the transition is found to occur over a wide 
temperature range (as demonstrated in the figures) 
the different peaks are smeared into broad humps 
and overlap considerably. As a result the fine 
structure is lost. 
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